The beam coupling impedance is one of the main sources of beam instabilities and emittance blow up in circular accelerators. A refined machine impedance evaluation is therefore required in order to understand and model intensity dependent effects and instabilities that may limit the machine performance. For this reason, many impedance source localization techniques have been developed. In this work we present the impedance localization technique based on the observation of phase advance versus intensity at the beam position monitors using ac dipoles to force betatron oscillations. We present analytical formulas for the interpretation of measurements together with simulations to benchmark and illustrate the equations. Studies on the method accuracy for different Fourier transform algorithms are presented as well as first exploratory measurements performed in the LHC.
I. INTRODUCTION
Elements like the resistive wall of the beam pipe, rf cavities, kickers and collimators are often large impedance sources. Measuring the betatron coherent frequency shift with intensity gives information on the total reactive transverse impedance according to Sacherer's theory [1] . An extension of this method for measuring the reactive part of transverse localized impedances was proposed the first time in 1995 at CERN [2] by measuring the impedanceinduced betatron phase advance shift with intensity. The Large Electron-Positron collider (LEP) rf sections were found to be important impedance contributors.
A method, based on the impedance-induced orbit shift with intensity, was proposed in 1999 in the Novosibirsk VEPP-4M electron-positron storage ring [3] and in 2001 in the Argonne APS synchrotron accelerator [4] . Later in 2002, the same method was tried in the European Synchrotron Radiation Facility (ESRF) [5] .
The impedance localization method using phase advance shift with intensity was continued in 2004 in the super proton synchrotron (SPS) [6, 7] and in the Brookhaven National Laboratory's Relativistic Heavy Ion Collider (BNL RHIC) [8] . The impact of noise on the measurement and the techniques for reconstructing the impedance location were recently studied in [9] .
We briefly review the impedance localization method based on the impedance-induced betatron phase advance shift with intensity. A circulating beam performs betatron oscillations that may be enhanced by means of a kick. The natural transverse coherent modes of oscillation described in Sacherer's theory are subject to an intensity dependent shift. In the vertical plane for example, the tune Q y shifts with the intensity from the unperturbed tune Q where we consider a Gaussian bunch of longitudinal rms bunch length σ τ in seconds, bunch population N b , particle charge q, circulating at velocity βc with c the speed of light at the energy E o . The contribution of an impedance source to the tune shift increases proportionally to the machine unperturbed β 0 y ðsÞ function and the total effective imaginary part of the impedance Z eff y ðsÞ. The integration accounts both for distributed elements, like the beam pipe, and localized impedance sources, like kickers and collimators. For an impedance source localized at s ¼ s k along the accelerator circumference, we can write
where L k accounts for the element length and δðsÞ is the Dirac function. The tune derivative versus intensity dQ y k =dN b , is therefore
Considering many impedance sources we have
Since the tune linearly shifts with intensity we can compare it with the one provoked by an intensity dependent quadrupole error dK y k =dN b at the location s ¼ s k
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A localized impedance source Z eff y k will appear as a quadrupolar kick of value
Associated with a quadrupolar kick there are also a β-beating and a phase advance beating wave along the machine. Given a reference beam position monitor (BPM) placed for convention at s ¼ 0 in the machine, we can define μ y ðsÞ as the phase advance from the reference BPM position to the s position in units of 2π. Defining the unperturbed phase advance as μ 0 y ðsÞ, the phase advance slope versus intensity dμ y ðsÞ=dN b due to an intensity dependent quadrupole error located at s ¼ s k can be calculated as [9, 10] Since the tune shifts associated to impedance are usually negative, the step will be also negative. Measuring the variation of phase advance versus intensity along the machine can be used to infer the impedance locations in the machine.
We conclude noticing that a resistive wall impedance could be treated (on average) as a smoothly distributed quadrupole error provoking a smooth negative slope in the dμ y ðsÞ=dN b curve [9] .
II. AC DIPOLE DRIVEN OSCILLATIONS
An ac dipole is a radio frequency dipole that produces an oscillating field that excites driven oscillations in the beam. While a normal kick would naturally excite the coherent tune oscillation and sidebands, with an ac dipole it is possible to drive the beam oscillation at different frequencies and maintain coherent oscillations for many turns improving the quality and reproducibility of the optics measurement.
The ac dipole was first introduced and studied in the BNL AGS [11] . Analytical studies on the linear and nonlinear particle motion in the presence of an ac dipole were done in [12, 13] . Measurements of linear machine optics using ac dipoles were done in Tevatron [10, 14] , RHIC [15, 16] and in the LHC [17] while nonlinear optics measurements were done, for example, in the SPS [18] , RHIC [19] and the LHC [20, 21] . Figure 1 shows the typical excitation pattern of a driven oscillation at frequency Q d simulated in HEADTAIL [22, 23] : the ramps before and after the excitation plateau allow for negligible emittance growth [24] . Figure 2 shows the driven Q d and the natural Q nat frequencies in the spectrum of the simulated transverse beam oscillation during the ac dipole plateau. As we can see the signal corresponding to the driven frequency is much stronger than the natural tune.
The parameter δ ¼ Q d − Q nat is the distance between natural and driven frequencies. The phase advance from the forced ac dipole oscillation deviates from the natural phase advance according to the relation [14] 
where μ d is the measured phase advance from the ac dipole location at the driven frequency, μ nat is the phase advance at the natural frequency, and λ d is given by 
Analogously, the optics at the driven frequency, can be modeled as the natural optics including a quadrupole error of strength K ac at the ac dipole location. The strength K ac is given by [14] 
with β ac being the beta function at the ac dipole location.
III. IMPEDANCE LOCALIZATION MEASUREMENTS WITH AC DIPOLE
We define Q 0 nat as the natural tune corresponding to an impedance-free machine (i.e., for virtually N b ¼ 0 ppb). From Eq. (10) the ac dipole driven optics is given by the natural optics perturbed with the quadrupole error
Increasing the intensity by dN b a linear tune shift with intensity would modify the coherent natural tune as
Inserting this information in Eq. (10) to obtain the equivalent ac dipole quadrupole error, we have
Developing at first order considering small tune shifts dQ nat we get
For working points sufficiently far from integer and halfinteger resonances, we have
and, considering the tune derivative versus intensity, we get
A step in the slope of phase advance given by Eq. (7) could be appreciated at the location of the ac dipole s ¼ s ac
with ε → 0. Therefore, at the ac dipole location, a step corresponding to the opposite sum of all the impedanceinduced tune shifts would be observable.
This result is benchmarked with HEADTAIL. The LHC beam 1 ring is modeled including a broadband resonator in the IP7 collimation section. The tune shift is expected to be dQ nat =dN b ≃ 5 × 10 −14 . Simulations are performed with a kick and with an ac dipole excitation (as shown in Fig. 1 ). Figures 3 and 4 respectively show the phase advance measured at the natural tune and at the driven tune. In both cases the amplitude of the beating oscillation which is roughly the tune shift matches the expected value. Using an ac dipole as exciter, the step in the phase advance at the impedance location is compensated by another step at the ac dipole location as expected from Eq. (17) .
This effect is intuitively explained by the fact that the driven ac dipole frequency does not change with intensity, and eventual steps in the phase advance slope versus intensity must be compensated at the ac dipole location.
Following these observations, a negative step in the phase advance variation with intensity is correlated with localized impedance sources, while a positive step at the ac dipole location is correlated with the opposite sum of all the machine impedances. An appropriate pseudoinversion [6, 9] can therefore be implemented associating defocusing quadrupoles to the impedances and a single focusing quadrupole in the ac dipole location. 
IV. MEASUREMENT ACCURACY
The accuracy of the method described in the previous section is mainly determined by the accuracy of the phase advance measurements. Estimates of the phase advance uncertainty are given below for different Fourier decomposition techniques [25] .
A. Uncertainty on phase advance
Let us consider the following sinusoidal signals with same amplitude A, frequency Q 0 and phase advance Δμ ¼ μ 2 − μ 1
with n ∈ f0; …; N − 1g, N the number of sampled turns, and n 1;2 ðnÞ additive Gaussian noise of standard deviation σ n . We define the noise to signal Ratio parameter as NSR ¼ σ n =A. Considering a number M of simulations, we can study how the noise impacts the uncertainty in tune and phase advance measurements. We define the uncertainty in tune determination σ Q as the standard deviation of the difference between measured and simulated tune frequencies over the M simulations, and analogously we define the phase advance uncertainty σ Δμ .
In the presence of noise, a classical fast Fourier transform (FFT) algorithm resolves σ Q ∝ 1=N. Other accurate iterative methods like SUSSIX [26] or NAFF [27] give higher spectral resolution [28] up to σ Q ∝ 1=N 3=2 (in the noise free case they get up to σ Q ∝ 1=N 4 ). Figure 5 shows the tune uncertainty for increasing number of turns with a noise level of NSR ¼ 5%. Fitting the data we can get an estimation of the uncertainty as a function of the number of turns
where α ¼ 1.5 and F Q ≃ 0.82 for SUSSIX, α ¼ 1.5 and F Q ≃ 1.71 for NAFF, α ¼ 1 and F Q ≃ 20 for the FFT. Concerning the phase advance uncertainty, we can identify two possible correlated source of error: the direct impact of noise on the signal phase and the impact of noise through the window function.
The direct impact of noise on the signal phase was already studied in [29] . Defining the continuous Fourier transform (CFT) of a signal x n as
the spectrum X 1;2 corresponding to the sinusoidal signals of BPM 1;2 is given by
where
is the CFT of the rectangular window implicitly enclosing the N signal samples. An additive Gaussian noise nðnÞ introduces an uncertainty in the phase determination that can be quantified with the formula
where σ μ refers to the standard deviation of the measured phase of a single sinusoidal signal, and the numerical coefficient
Considering the calculation of a phase advance between two signals, the error adds in quadrature
leading to
The impact of noise through the window function is significant only when measuring phase advances between two signals. Selecting the first part of Eq. (22), if the tune frequency at the two BPMs is different due to errors in the interpolation, there will be a contribution of the noise to the phase advance estimation through the phase of F given by For different measurements, the rms phase advance noise contribution is
On the other hand, if the tune frequency at the two BPMs is the same, σ ∠F ¼ 0.
The contribution of noise on phase and through the window function are correlated with the noise signal. Therefore, we can estimate the total phase advance uncertainty as
For interpolating methods like NAFF and SUSSIX we can write Figure 6 shows the comparison of FFT, SUSSIX and NAFF in phase advance uncertainty σ Δμ over the number of turns. Fitting the data with Eq. (30) leaving F tot Δμ as a free parameter, we get in SUSSIX F tot Δμ ≃ 0.90 and in NAFF F tot Δμ ≃ 1.30 which are close to the expected values within a 20%. The FFT can be fitted with F tot Δμ ≃ 0.37 which is closer to the theoretical F Δμ ¼ 1=π. This is not unexpected: SUSSIX and NAFF are interpolating methods while the FFT presents equally spaced spectrum samples fixed by the number of turns. The BPMs analyzed with an FFT will therefore exhibit the same frequency leading to F tot Δμ ≃ F Δμ ¼ 1=π.
B. Uncertainty on phase advance slope with intensity
Considering a set of M phase advance measurements at different intensities Y ∈ fY 1 ; Y 2 ; …; Y M g with negligible uncertainty in the intensity measurement, assuming the same uncertainty in phase advance for each measurement as given in Eq. (30) , the uncertainty in the phase advance slope with intensity σ Δμ=ΔN b will be given by [30] 
where σ Y is the standard deviation of the intensity scan Y. This uncertainty should be compared with the impedanceinduced phase advance amplitude of Eq. (7)
C. Estimates for the LHC
The considerations done in the previous section suggest a method for measuring the total and localized impedance in circular accelerators with an ac dipole: the machine can be filled with a few well separated number of bunches with different intensities, the tune measured for the lowest intense one as a reference, the coherent oscillation excited with the ac dipole and the oscillations acquired for all the bunches at the same time. Alternatively, a single high intensity bunch could be scraped progressively in order to scan different intensities. From the transverse beam oscillation signal the driven optics can be inferred at each intensity. Taking the driven phase advance variation over the intensity scan we can access the information about the impedance distribution along the machine.
In this frame, a first exploratory measurement was done on 28-11-2012 in the LHC for the determination of the measurement uncertainty from multiturn data acquisition. A single high intensity bunch of N b ≃ 3 × 10 11 ppb was progressively scraped to N b ≃ 10 11 ppb acquiring M ¼ 14 phase advance measurements at different intensities. Figure 7 shows the steps in the beam intensity caused Figure 8 shows the uncertainty predicted with Eq. (31) and measured from the measured phase advances compared with the impedance-induced phase advance amplitudes of Eq. (32) of the most relevant collimator families at the interaction points (IPs). As we can see a good measurement accuracy is potentially achievable and the impedance of the collimators could, in principle, be localized in dedicated future measurements. Potentially better achievements could be obtained in Run 2 when a longer ac dipole plateau would be available [31] . Unfortunately this first measurement data did not show the expected behavior probably due to the parasitic LHC injection tune drift with time [32] which is in the order of ΔQ ¼ 5 × 10 −3 every ∼15 minutes especially at injection. Since we are interested in measuring signals whose amplitude is one order of magnitude less, this effect shadows and could be reduced either waiting enough time before performing the measurements or measuring at top energy.
V. CONCLUSIONS
In this work we present analytical developments to interpret the impedance localization measurements performed by means of an ac dipole excitation together with uncertainly analysis.
The method is based on the acquisition of ac dipole induced betatron oscillations at the BPMs for different beam intensities. The observation of steps in the phase advance variation with intensity is associated with existing impedance sources: a negative step is correlated with localized impedance sources; a positive step at the ac dipole location is correlated with the opposite sum of all the machine impedances. An appropriate pseudoinversion can therefore be implemented associating defocusing quadrupoles to the impedances and a single focusing quadrupole in the ac dipole location.
In order to improve the measurement accuracy we compared different Fourier decomposition methods to calculate the phase advance between two sinusoidal signals in noisy environment. Given the same tune between two BPMs, the FFT algorithm is the most accurate in the phase advance detection, while, interpolating methods like NAFF and SUSSIX, introducing slightly different frequencies at the BPMs, increase the phase advance uncertainty.
For machines like the LHC, the higher accuracy reachable with an ac dipole with respect to the kick excitation represents an important argument in order to localize impedance sources. The first exploratory measurements in the LHC have been promising and a new campaign of impedance measurements is currently taking place.
This work is of particular importance for future projects like the FCC, in which the machine impedance will represent a problem [33] and accurate tools for impedance localization measurements are required. 
